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Interactions between the surface and the bulk in a strong topological insulator (TI) cause a finite
lifetime of the topological surface states (TSS) as shown by the recent experiments. On the other
hand, interactions also induce unitary processes, which, in the presence of anisotropy and the spin-
orbit coupling (SOC), can induce non-trivial effects on the spin texture. Recently, such effects were
observed experimentally in the Bi2X3 family, raising the question that the hexagonal warping (HW)
may be linked with new spin-related anomalies. The most remarkable among which is the 6-fold
periodic canting of the in-plane spin vector. Here, we show that, this anomaly is the result of a
triple cooperation between the interactions, the SOC and the HW. To demonstrate it, we formulate
the spin-off-diagonal self energy. A unitary phase with an even symmetry develops in the latter
and modulates the spin-1/2 vortex when the Fermi surface is anisotropic. When the anisotropy
is provided by the HW, a 6-fold in-plane spin-canting is observed. Our theory suggests that the
spin-canting anomaly in Bi2X3 is a strong evidence of the interactions. High precision analysis of
the spin-texture is a promising support for further understanding of the interactions in TIs.
PACS numbers: 71.70.Ej,/2.25-b,75.70.Tj
The TIs have metallic, Dirac-like surface states and
spin-momentum locking while the bulk remains as insu-
lator with an inverted gap[1]. Due to the time rever-
sal symmetry (TRS) and the strong SOC, the intraband
carrier backscattering is strongly suppressed. As a re-
sult, the single particle picture (SPP) is highly accurate
in representing the electronic properties of the TSS[2].
This makes the TIs a great promise for new generation
dissipationless devices. However, recent experiments re-
veal the existence of scattering mechanisms between the
TSSs and the bulk which clearly point out to deviations
from the ideal SPP[3–8].
The interactions between the TSS and the bulk intro-
duce finite quasiparticle lifetime on the surface. The op-
tical phonon coupling is the main contribution as shown
experimentally[5, 6] and by ab-initio calculations[9].
Spin-dependent interactions can also impair the spin-
momentum locking and degrade the quality of the surface
metallic state. Although the details of the interactions
are yet to be studied microscopically, the experiments in-
dicate a weak broadening of the surface density-of-states
(DOS) pointing out that the TSS are long-lived.
The 3D TIs of which the Bi2X3, X = Se, Te fam-
ily is of primary importance[10, 11], belong to the D3d
point group of the rhombohedral family. The unit
cell has the quintuple layered structure as X − Bi −
X − Bi −X coordinated hexagonally within each layer.
The 2D nature of the electronic bands has been shown
in the ARPES measurements[12]. The spin-orbit cou-
pling (SOC) ~g~k, has the in-plane component ~gxy~k =
(gx, gy, 0) = α(−ky, kx, 0) where α is the SOC constant
and ~k = (kx, ky) = k(cosφ, sinφ) is the 2D momentum of
the TSSs. The out-of-plane component ~gz~k = (0, 0, gz) is
the cubic-Dresselhaus SOC[13] gz = λ(k
3
+ + k
3
−)/2 where
k± = kx ± iky and λ is the coupling constant. The gz~k
lowers the continuous rotational symmetry of the Fermi
surface by a hexagonal anisotropic warping[10, 11].
In Ref. [14], circular dichroism ARPES revealed sev-
eral key features of the spin in the warped Dirac cone
in Bi2Se3[15] namely: a 2pi/3-periodic out of plane spin
and a singly periodic in-plane spin anomalously canted
with a 2pi/6-periodic modulation. This in-plane spin
canting anomaly (SCA) is defined as an anomalous non-
orthogonality of the in-plane spin to the momentum, i.e.
~k, i.e. ~Sxy~k = S⊥~k gˆ~k +S‖~k kˆ with S‖~k 6= 0. It disappears
along the high symmetry directions ΓM and ΓK. Inter-
estingly, similar effects were observed also in the Rashba-
split metals (eg. Bi/Ag (111)) which show similar HW
rather than circular shape[16].
The authors of Ref.[17] proposed a model for the SCA
by adding to the warped Fermi surface a new fifth-order
term in momentum. Their motivation is to reproduce
the key features of the non-orthogonal state and its 6-
fold symmetry. The proposed quintic term, which has
a strength independent from the better-understood HW,
has not been examined before theoretically or observed
experimentally, and its contribution survives in the ab-
sence of HW. We take this as our motivation here and,
using an approach beyond the SPP, devise a mechanism
for the SCA based on the interactions and the HW.
On the first hand, the backscattering within the topo-
logical surface bands is prohibited due to the time re-
versal symmetry and the spin-momentum locking. On
the other hand, it is known experimentally that the sur-
face carriers are exposed to many-body interactions. Pri-
mary ones are the electron-hole excitations, incoherent
phonon emission/absorption and the scattering by non-
magnetic impurities[3]. The ab-initio calculations reveal
further evidence for the existence of weak electron-optical
phonon interaction[9]. Spin-dependent interactions were
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2also proposed[8]. At low energies the dominant mecha-
nisms are the phonon and impurity scattering and they
manifest Lorentzian line-shapes in the imaginary part of
the spin-diagonal self-energy (SE) Σ0(~k, ω).
Secondly, there is experimental evidence that the in-
teractions are affected by the HW as shown by the
anisotropic scattering rates[8] and the quasi-particle
interference[18]. It is therefore quite natural to expect
that, the spin-off-diagonal component of the SE, which is
directly related to the renormalized spin-texture, is also
affected by the HW. It will be shown below that, this
component produces the spin-texture anomalies.
Our aim here is to device a weakly interacting theory of
the SCA without proposing a specific interaction mech-
anism. The reader will be motivated that, the present
theory, in the light of new experiments, can reveal fur-
ther information about the nature of the interactions.
The bare Hamiltonian is
H0 = E0~k + ~g~k.~σ (1)
where E0~k = ~
2k2/(2m) − µ with m as the electron
band mass in the parabolic sector, µ is the chemical
potential and ~g~k = ~gxy~k + ~gz~k is the total SOC with
~gxy~k = αkeˆφ and ~gz~k = λk
3 cos(3φ)eˆz. Here eˆφ and
eˆz are the unit vectors along the azymuthal and z di-
rections. The Eq.(1) is diagonalized by the chiral basis
|ν~k〉 = cos θ~k2 | ↑ ~k〉 + ν
g
+~k
g~k
sin
θ~k
2 | ↓ ~k〉. Here ν = ± is
the branch chirality index, gxy~k = gx~k + igy~k = αke
iφS ,
g~k = |~g~k| =
√
g2
x~k
+ g2
y~k
+ g2
z~k
, φS = −(φ + pi/2),
cos θ~k = λk
3 cos(3φ)/g~k. The | ↑ ~k〉 and | ↑ ~k〉 are the
basis vectors of Eq.(1) with spin quantization along the
z-direction. The spin is given along the unit SOC vector
gˆ~k = ~g~k/g~k as
~S
(+)
~k =
~
2
gˆ~k ,
~S
(−)
~k = −~S
(+)
~k . (2)
The spin ~S
(+)
~k in the + band is depicted in Fig.1 along
the constant energy contours. In the well-studied SPP in
Eq.’s(1) and (2), the in-plane spin direction, as shown by
the arrows, is orthogonal to ~k independently from HW.
The out-of-plane component has the three-fold symme-
try. The predictions of the hexagonally warped SPP in
Eq.(1) for the out-of-plane spin[13] agrees along the ΓM
direction, with the experimental results of Ref.[14].
We turn our attention to the in-plane spin. In or-
der to study the SCA we consider the effective isotropic
and spin-independent interaction[3–8] V|~k−~k′| for the elec-
trons in the topological band. The SE in now described
by Σ(~k, ω) = Σ0(~k, ω) + ~Σ(~k, ω).~σ where the ~Σ(~k, ω) de-
scribes the spin-dependent part. In the calculation of the
SE, we will ignore the frequency dependent retardations
and study the limit ω → 0 in Σ(~k, ω), i.e. Σ~k. The
renormalized Hamiltonian for the TSS then becomes
H′ = H0 + Σ~k , where Σ~k = Σ0~k + ~Σ~k.σ (3)
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FIG. 1. (Color online) The ~S
(+)
~k in Eq.(2) is shown for two
different energy levels. The in-plane component (depicted by
the black vectors and normalized by the in-plane magnitude)
is perpendicular to kˆ independently from HW. The out-of-
plane component is encoded in color scale. The kx, ky are
normalized by d = β−1/4 ' 16A˚. Here ”high/low” implies
that the spin is fully out-of-plane ”up/down”. The 3-fold
symmetric closed-line and the dotted circle are aid to the eye
in the printed version.
~Σ~k.σ =
(
Σz~k Σxy~k
Σ∗
xy~k
−Σz~k
)
, Σxy~k = Σx~k − iΣy~k (4)
with Σ0~k as the spin independent part. Since the Σ~k
is invariant under TRS, the Σ0~k is even and
~Σ~k is odd.
We ignore the Σz~k here since it has no major role in the
in-plane SCA. Also note that, an effective SOC can be
defined as ~G~k = ~g~k +
~Σ~k in H′. We now write
Σxy~k = T~k e
iφS . (5)
where, by the TRS, T~k is most generally a complex even
function. Before tackling thes problem, it is instructive
to recall the isotropic limit in the Eq.(5). This is realized
by the absence of HW where the T~k is isotropic and real.
Recalling that, the Eq.(2) is now replaced by
~S
(+)
~k =
~
2
Gˆ~k , Gˆ~k =
~G~k
|~G~k|
(6)
the spin is then parallel to the initial gˆ~k and no SCA
is observed. From here on, we confine to the upper en-
ergy band and drop the band index. It is necessary to
observe that, away from the isotropic limit, a complex
T~k is allowed in Eq.(5) by unitarity, i.e. T~k = t~ke
iΛ~k
with t~k and Λ~k real an even. Using Eq.(5), we then
have ~Σ~k = Re{T~k}gˆxy~k + Im{T~k}kˆ. Here gˆxy~k is the
unit vector along the in-plane SOC and kˆ = ~k/k. This
demonstrates that T~k must acquire an imaginary part to
violate the spin-momentum orthogonality. The experi-
mental SCA angle δ~k in [14] is then related to the Im{T~k}
3by sin δ~k = Gˆ~k.kˆ = Im{T~k}/|~G~k|. For small angles,
δ~k ' Gˆ~k.kˆ '
t~k
|~G~k|
sin Λ~k (7)
We now examine the T~k. Since the full SE matrix Σ~k in
Eq.(3) is restricted by the C3v symmetry, the T~k must
have at least 6-fold symmetry expressed by
T~k =
∞∑
m=−∞
Tmke
i6mφ (8)
The T0k in Eq.(8) is the leading term when HW is weak.
The other coefficients Tmk generate an undulating pat-
tern for the spin with 6m-folded symmetry. On one hand,
the nature of the interaction is imprinted in the full set of
Tmk’s. On the other hand, they can be used to connect
to the experiment. To show that, we define the m’th
symmetry moment as τmk = (Tmk − T ∗−mk)/2i. From
Eq.’s(6)-(8), τmk = 〈e−i6mφ~S~k.kˆ〉φ where 〈. . .〉φ denotes
the angular average over φ. For large m, the τmk is ex-
pected to get weaker. Here we will only examine the
m = 0, 1. For m = 0, if
τ0k =
2
~
〈~S~k.kˆ〉φ (9)
is nonzero, the spin rotates around the 2pi range asym-
metrically (with an outward or an inward bias). In the
extreme case τ0k 6= 0; τmk = 0 for all other m, the Eq.(6)
and (7) imply that
Λk ' τ0k|T0k| . (10)
The in-plane spin for the Eq.(10) is shown in Fig.2. A
nonzero τ0k is yet another anomalous effect which may
be caused by non-central potentials. For m = 1,
τ1k =
2
~
∫ pi
−pi
dφ
2pi
e−i6φ~S~k.kˆ =
2
~
〈e−i6φ~S~k.kˆ〉φ . (11)
This gives symmetrically distributed canting of the spin
with 2pi/6-period. The SCA data in Ref.[14] is an exam-
ple of Eq.(11) with a real T0k. From Eq.(5) and (11) we
find
Λk(φ) ' τ1k
T0k
sin(6φ+ φ0) (12)
where φ0 is a reference angle fixed by the T0k. The full
agreement with the measured SCA in Ref.[14] is obtained
when φ0 = 0. Then, the T0k is real, and δ~k vanishes along
the high symmetry directions ΓM,ΓK as shown in Fig.3.
The Eq.’s(6)-(12) built the general connection between
the Im{T~k} and the SCA. We now demonstrate that, the
HW is responsible for the Im{T~k}, establishing the full
connection between the HW and the SCA. We begin with
V|~k−~k′| and assume that it has a typical energy scale V0
much smaller than any energy scale in the SPP, i.e. V0 
-1.5
-1
-0.5
 0
 0.5
 1
 1.5
-1.5 -1 -0.5  0  0.5  1  1.5
(a)
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 1.4
 1.6
 0.6 0.8 1 1.2 1.4 1.6
(b)
FIG. 2. (Color online) a) The in-plane spin in Eq.(10) with
τmk = 0,m 6= 0 (red lines are tangent to the circle at the dot
positions), b) the spin is magnified between the equivalent
ΓK directions in (a). The axes are not shown for a larger
view. The horizontal (vertical) axis is kx(ky) in both figures.
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FIG. 3. (Color online) a) The in-plane spin in Eq.(12) with
τmk = 0,m 6= 1 with the six-fold symmetry (red lines are
tangent to the circle at the dot positions), b) a single pe-
riod of the spin vector oscillations magnified between the ΓK
directions in (a). The axis labels are the same as in Fig.(2).
αkF , λk
3
F  EF [19]. The off-diagonal SE at the Hartree-
Fock level is Σxy~k = −
∑
~k′ V|~k−~k′|〈e†~k′↓e~k′↑〉 calculated in
the |+ ~k′〉 state. For H′ in Eq.(3) this is,
Σxy~k = −
1
2
∑
~k
′
V|~k−~k′|
gxy~k′ + Σxy~k′
|G~k′ |
f~k′ (13)
with f~k = [1+exp(βE~k)]
−1, β as the inverse temperature
and E~k = E0~k + |G~k|. We consider a zero temperature
formulation here, hence f~k′ = Θ(µ − E~k′). The Eq.(13)
allows complex solutions in the form of Eq.(5) and (8)
when the HW is present. Since the knowledge about the
interactions is limited, the exact solution of Eq.(13) is not
necessary. We simplify the r.h.s. of Eq.(13) in order to
extract a simple analytic result with the essential features
captured. Using Eq.(5) and remembering that Im{T~k} =
t~k sin Λ~k, we write the imaginary part of Eq.(13) as[20],
Im{Tk(φ)} = −1
2
∑
~k′
vkk′(φ
′) sinφ′ L−φ′
αk′
|Gk′(φ)| (14)
4where L−φ′ is an operator defined by the difference of two
angular translations as L−φ′h(φ) = h(φ+φ′)−h(φ−φ′) for
an arbitrary anisotropic function h(φ). The Eq.(14) is a
clear statement that Im{Tk(φ)} originates from the an-
gular anisotropy in the effective in-plane spin orbit cou-
pling Gk(φ). We now approximate the L−φ′ with its lead-
ing term which is a linear derivative, L−φ′ ' 2φ′∂/∂φ. The
Im{T~k} can then be found as[20]
Im{T~k} = t~k sin Λ~k =
λ2
α2
Sk sin(6φ) (15)
where Sk is some radial ”structure factor”. In Ref.[14] a
polynomial (or power)-like dependence of the spin cant-
ing angle δ~k was observed as a function of the energy
E. We therefore consider a simple power-law V~k−~k′ =
V0(|~k − ~k′| d)p where d =
√
λ/α ' 16A˚ for Bi2Se3. We
than have[20] Sk ∼ V0k4+p. The spin canting angle can
then be inferred from Eq.’s (7) and (15) as
δ~k ' V0
d
α
(kd)3+p sin(6φ) (16)
Eq.(16) is our main result which completes the promised
connection between the SCA and the HW.
We report here two consequences of Eq.(16) related to
the existing experiments. Firstly, using the Eq.(12) in
the Eq.(6) the x component of the spin is found to be
Sx~k =
~
2
√
1− (Gz)
2
|~G~k|2
sin(φ+ δ~k) (17)
This equation, which was suggested as an empirical form
of the experimental data in Ref.[14, 21], follows natu-
rally from our theory. The second consequence is that,
the power law provides a k3+p dependence to δ~k as in
Eq.(16). At a fixed energy E, k = k(E) and this im-
plies a polynomial for δ~k in low powers of E. Using
the Fermi velocity vBS ' 3.5eV A˚−1, the HW strength
λBS ' 128eV A˚3 and the Fermi energy EF (BS) ' 0.3eV
for Bi2Se3 in Ref.[14] and [22] we can estimate the ef-
fective interaction strength V0 in Eq.(16) as 1 − 5meV
for p = 3. The corresponding δ~k vs. E is calculated
numerically for Bi2Se3 in Fig.(4).
The present theory successfully provides an under-
standing of the spin canting and an order of magnitude
estimation for the interaction. However this picture is
insufficient in understanding the experimental behaviour
of δ~k in low energies. To show this, we reproduced from
the original experiment the δ~k vs. E data in Fig.(4).
The theoretical model clearly deviates from the repro-
duced data in the vicinity of the DP. Large error bars
of the data in this regime also make a unique interpre-
tation difficult. There may be several reasons for this
behaviour. Firstly, there are technical difficulties in the
momentum resolved measurements near the DP due to
the vanishing ~k-space area. Secondly, the experimental
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FIG. 4. (Color online) Spin canting anomaly predicted by
Eq.(13) using a power-like interaction for V~k~k′ = V0|~k − ~k′|p
with several p values. We fixed the direction halfway between
the ΓM and ΓK directions, where δ~k is maximum. The data
is reproduced from Ref.[14] for comparison.
energy resolution may not allow a precise separation of
the upper cone energetically from the lower one near the
DP. If this is the case, δ~k should have an asymmetric
energy dependence around the DP (shown in the origi-
nal reference [14] and not in Fig.(4) here). We therefore
rule this out. Finally, there may be increased quasipar-
ticle scattering due to q = 0 optical phonons. This can
cause a broadening of the momentum distribution away
from the sharp spin-momentum locking via the diagonal
self-energies and influence the spin distribution via the
non-diagonal ones. These two effects combine in a sim-
ilar broadening of δ~k and an increase in its mean, thus
causing the discrepancy between the theory and the data
in the low energies.
The third scenario above is consistent with the be-
haviour of the dimensionless electron-optical phonon (e-
ph) coupling λ(E) at small E as recently reported in the
ab-initio analysis[9]. The e-ph interaction has been heav-
ily examined [5, 6, 23] as the dominant interaction mech-
anism at the room temperature and the λ(E) studied
both experimentally and theoretically varies in a large
range from exceptionally weak[6] to strong coupling[5]
for branch specific phonons. The authors in Ref.[9] have
shown that the λ(E) remarkably follows the topologi-
cal surface DOS within the bulk band gap. The linear
E dependence is also consistent with the Eliashberg the-
ory which provides a simple form λ(E) ' 2ρ(E)g2e−ph/ω0
where ρ(E) is the electron DOS, ge−ph is the microscopic
e-ph coupling and ω0 is a typical optical phonon fre-
quency. The behaviour of λ(E) around the DP is excep-
tionally large and this is either due to the contamination
of the lower Dirac cone or a high DOS near E = 0. We
find it remarkable that the energy dependence of the e-ph
5coupling in Ref.[9] and the δ~k data in Ref.[14] are very
similar.
The quintic Dresselhaus SOC proposed in Ref.[17] for
explaining a similar SCA for Bi2Te3 introduces a new
coupling constant which may also be relevant at a weaker
scale in Bi2Se3. However, the lack of the experimen-
tal verification of the quintic Dresselhaus spin-orbit cou-
pling as of this date, is an impediment for understand-
ing the SCA. On the other hand, in the context of this
work, the SCA is a natural consequence of the interac-
tions which have been experimentally observed. More-
over, the interaction-based scenario formulated here is a
consequence of the hexagonal warping. New experiments
with the scope of observing the effect of the HW on the
non-diagonal SE will be highly illuminating in this direc-
tion.
That the spin information in the measured photo-
electrons’ final state can be different from that in the
original TSS depending on the polarization of light was
theoretically[24] and experimentally[25] shown to be in-
herent to the CD-ARPES technique. This raised crit-
icism about the interpretation of the measurements in
Ref.[14]. This does not affect our conclusions here in
that, the comparison of our theoretical model with the
relevant results in Ref.[14] is solely based on the six-fold
canting symmetry in the spin configuration of the pho-
toemitted electrons. Since the light sources used are po-
larized linearly or (left/right) circularly, the basic sym-
metries on the initial state are naturally reflected on the
final state[24]. Hence, the observed six-fold SCA is an
intrinsically real property of the initial state.
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APPENDIX
In order to obtain the Eq.(14), we use Eq.(5) in (13)
and obtain
T~k = −
1
2
∑
~k
′
V|~k−~k′|e
i(φ′S−φS)αk
′ + T~k′
|G~k′ |
f+~k′
(A-1)
After some algebra and a shift of variables φ′ → φ′ + φ
on the r.h.s., of the Eq.(A-1) here, the imaginary part of
Im{T~k} can be found as,
Im{T~k} = −
1
2
∑
~k
′
vkk′(φ
′)e−iφ
′
×
{[αk′ +Re{Tk′(φ′ + φ)}
|Gk′(φ′ + φ)| −
αk′ +Re{Tk′(−φ′ + φ)}
|Gk′(−φ′ + φ)|
]
+ i
[Im{Tk′(φ′ + φ)}
|Gk′(φ′ + φ)| +
Im{Tk′(−φ′ + φ)}
|Gk′(−φ′ + φ)|
]}
(A-2)
where vkk′(φ
′) is essentially the same as V|~k−~k′| with the
replacement φ′ → φ′ + φ. We also introduced a slightly
new notation Gk′(φ) and Tk′(φ) separating the radial and
the azymuthal angular dependences in order to indepen-
dently analyze the shifted angular dependence of G~k and
T~k. We now ignore in the r.h.s. of Eq.(A-2), the Re{T~k′}
as compared to the αk′, and define two new operators
L±φ′ by their action on an arbitrary function h(φ)
L±φ′ h(φ) = h(φ+ φ′)± h(φ− φ′) (A-3)
and write the Eq.(A-2) in a more suggestive form as
Im{Tk(φ)} = −1
2
∑
~k′
vkk′(φ
′)
×
{
sinφ′ L−φ′
[ αk′ +Re{Tk′(φ)}
|~Gk′(φ)|
]
+ cosφ′L+φ′
[Im{Tk′(φ)}
|~Gk′(φ)|
]}
(A-4)
The Eq.(A-4) must be solved self-consistently for T~k with
a known interaction vkk′(φ
′). We claim that a general
result not depending on the details of the interactions is
more illustrative than the full self-consistent solution of
Eq.(A-4). Firstly, if the interaction is sufficiently weaker
than the SOC, we can ignore the T~k dependent terms on
the r.h.s. of Eq.(A-4). Secondly, the L+φ′ dependent term
is approximately a renormalizion of the Im{Tk(φ)} on
the l.h.s. and brings a k-dependent overall factor. This
detail can be neglected for a simple result which retains
only the most essential properties of the solution. We are
then left with the L−φ′ dependent term only. The result
is,
Im{Tk(φ)} = −1
2
∑
~k′
vkk′(φ
′) sinφ′ L−φ′
[ αk′
|Gk′(φ)|
]
(A-5)
which is the Eq.(14). This indicates that a nonzero
Im{Tk(φ)} is the result of the anisotropy in Gk′(φ).
Since the source of anisotropy is the hexagonal warping
in the context of this work, Eq.(A-5) builts the connec-
tion between the spin canting anomaly and the hexagonal
warping as explained below Eq.(14). The angular trans-
lation operators in L−φ′ act on the HW part in |Gk′(φ)|.
Replacing the L−φ′ with its leading term 2φ′∂/∂φ, and
defining
Sk = 3
2
∑
~k′
φ′ sinφ′k′4vkk′(φ′) (A-6)
6The Eq.(A-6) is then used in the Eq.(15).
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